Three-dimensional topological quantum field theory of Witten type by Bakalarska, Malgorzata & Broda, Boguslaw
ar
X
iv
:h
ep
-th
/9
90
31
77
v1
  2
1 
M
ar
 1
99
9
Three-dimensional topological
quantum field theory of Witten type1
Ma lgorzata Bakalarska∗ and Bogus law Broda†
Department of Theoretical Physics
University of  Lo´dz´, Pomorska 149/153
PL–90-236  Lo´dz´, Poland
∗gosiabak@krysia.uni.lodz.pl
†bobroda@krysia.uni.lodz.pl
Abstract. Description of two three-dimensional topological quantum field theories
of Witten type as twisted supersymmetric theories is presented. Low-energy effective
action and a corresponding topological invariant of three-dimensional manifolds are
considered.
I INTRODUCTION
The aim of our work is to present a step made in the direction of understanding of
three-dimensional (3d) topological quantum field theory (TQFT) in the spirit Wit-
ten and Seiberg have done in the four-dimensional case. Actually, we will consider
two “microscopic” 3d TQFT’s and sketch their common low-energy consequences
for topology of 3d manifolds.
First of all, let us recall the milestones in the development of four-dimensional
TQFT. In 1988, Witten proposed a description of Donaldson’s theory (“topologi-
cal” invariants of four-dimensional manifolds) in terms of an appropriately twisted
N = 2 SUSY SU(2) pure gauge theory [1]. But not so many mathematical con-
sequences had followed from this approach until 1994 when Seiberg-Witten (SW)
theory entered the scene. It has appeared that a newly-discovered dual descrip-
tion of the N = 2 theory in low-energy limit [2] provides us a new, alternative
(but essentially equivalent and simpler) formulation of “topological” invariants of
four-dimensional manifolds [3].
In the first of our previous papers [4], a physical scenario has been proposed
to reach our present goal using a geometric-topological construction with scalar
curvature distribution “compatible” with surgery. Though the scalar curvature
distribution used “agrees” with the surgery procedure, nevertheless it is unclear why
1) Talk delivered by B. B.
such a distribution should be privileged. In the second paper [5], we have proposed
a simpler and more natural mechanism without any reference to curvature. In fact,
we have directly applied known results concerning low-energy limit of 3d N = 4
SUSY gauge theory [6].
II TOPOLOGICAL FIELD THEORY
In 3d, we have the two important topological quantum field theories (of “coho-
mological” type): topological SU(2) gauge theory of flat connection and 3d version
of the (topological) SW theory. The former is a 3d twisted N = 4 SUSY SU(2)
pure gauge theory or a 3d version of the Donaldson-Witten (DW) theory, and “by
definition” it describes the Casson invariant that appropriately counts the number
of flat SU(2) connections [7] (see, Section A). The latter (3d SW) is a 3d twisted
version of N = 4 SUSY U(1) gauge theory with a matter hypermultiplet [2], [3]
(see, Section B). It is interesting to note that the both theories can be derived from
4d N = 2 SUSY SU(2) pure gauge theory corresponding via twist to DW theory.
A Donaldson-Witten and Casson theory
Let us consider first the usual N = 2 supersymmetric SU(2) Yang-Mills theory
in flat Euclidean space R4 [8]. The Yang-Mills gauge field Aµ is embedded in the
N = 2 chiral multiplet A consisting of one N = 1 chiral multiplet Φ = (B,ψα) and
one N = 1 vector multiplet Wα = (λα, Aµ).2 The N = 2 chiral multiplet can be
arranged in a diamond form,
Aaµ
λaα ψ
a
α,
Ba
to exhibit the SU(2)I symmetry which acts on the rows. This theory is described
by the action
S =
∫
R4
d4xTr
(
1
4
FµνFµν +DµB¯DµB +
1
2
[B, B¯]2 − λ¯α˙iσ¯α˙αµ Dµλαi +
− i√
2
B¯εij[λ
i, λj] +
i√
2
Bεij [λ¯i, λ¯j]
)
, (1)
2) We will use the conventions of Wess and Bagger [8]. For instance, doublets of the SU(2)L (or
SU(2)R) rotation symmetries are represented by spinor indices α, β, . . . = 1, 2 (or α˙, β˙, . . . = 1, 2).
Doublets of the internal SU(2)I symmetry will be denoted by indices i, j, . . . = 1, 2. These indices
are raised and lowered with the antisymmetric tensor εαβ (or εα˙β˙ , εij) with sign convention such
that ε12 = 1 = ε
21. Tangent vector indices are denoted as µ, ν, . . . = 1, . . . , 4. The spinor and
tangent vector indices are related with the tensors σµαβ˙ = (−1,−iτa), σ¯α˙βµ = (−1, iτa) described
in the Appendices A and B of [8] by letting ηµν → −δµν and εµνρσ → −iεµνρσ with ε1234 = 1.
Covariant derivatives are defined by DµB = ∂µB − [Aµ, B], and the Yang-Mills field strength is
Fµν = ∂µAν − ∂νAµ − [Aµ, Aν ].
where λα
i = (λα, ψα).
Now we will construct twisted TQFT. The rotation group K in four-dimensional
Euclidean space is locally SU(2)L×SU(2)R. In addition, the connected component
of the global symmetry group of the N = 2 theory is SU(2)I . The theory, when
formulated on a flat R4, therefore has a global symmetry group [9]
H = SU(2)L × SU(2)R × SU(2)I .
Let SU(2)R′ be a diagonal subgroup of SU(2)R×SU(2)I obtained by sending SU(2)I
index “i” to dotted index “α˙”, and let
K ′ = SU(2)L × SU(2)R′ .
Then, the transformations of the fields under SU(2)L × SU(2)R′ are
Aαα˙ :
(
1
2
,
1
2
, 0
)
−→ Aαα˙ :
(
1
2
,
1
2
)
,
λαi :
(
1
2
, 0,
1
2
)
−→ λαβ˙ :
(
1
2
,
1
2
)
,
λ¯α˙i :
(
0,
1
2
,
1
2
)
−→ λ¯α˙β˙ : (0, 0)⊕ (0, 1),
B : (0, 0, 0) −→ B : (0, 0).
And, we decompose the gaugino doublet λα
i into K ′ irreducible representations as
[10]:
λαβ˙ =
1√
2
σµαβ˙ψµ,
λ¯α˙β˙ =
1√
2
(
σ¯µνα˙β˙χµν + εα˙β˙η
)
. (2)
Substituting (2) into the Lagrangian (1), we have
S =
∫
R4
d4x (L1 + L2 + L3) , (3)
where
L1 = Tr
(
1
4
FµνFµν − χµν (Dµψν −Dνψµ) + i√
2
B {χµν , χµν}
)
,
L2 = Tr
(
−ηDµψµ +DµB¯DµB − i√
2
B¯ {ψµ, ψµ}
)
,
L3 = Tr
(
1
2
[B, B¯]2 +
i√
2
B {η, η}
)
.
Thus, we have obtained a TQFT — Donaldson-Witten theory.
Now we simply assume all the fields to be independent of the fourth coordi-
nate and discard all mention of the fourth coordinate from the Lagrangian. The
dimensionally reduced version of (3) is
S =
∫
R3
d3xTr
{
1
4
FmnFmn +
1
2
DmϕDmϕ+ 2χm [ϕ, ψm]− 2ωDmχm +
− 2εmnkχkDmψn + 4i√
2
B {χm, χm}+ η[φ, ω]− ηDmψm + (4)
+DmB¯DmB + [ϕ, B¯][ϕ,B]− i√
2
B¯ {ψm, ψm} − i√
2
B¯ {ω, ω}+
+
1
2
[B, B¯]2 +
i√
2
B {η, η}
}
.
We can obtain a supersymmetric action in three dimensions from (1) by the
process of dimensional reduction,
S =
∫
R3
d3xTr
{
1
4
FmnFmn +
1
2
DmϕDmϕ+DmB¯DmB +
+ [ϕ, B¯][ϕ,B] +
1
2
[B, B¯]2 − iλ¯αβσαγm Dmλγβ + (5)
+ λ¯αβ[ϕ, λ
βα]− i√
2
B¯εij[λ
i, λj] +
i√
2
Bεij [λ¯i, λ¯j]
}
.
And then substituting the above-mentioned twist
λαβ =
1√
2
(σ4αβω − iσmαβψm) ,
λ¯αβ =
1√
2
(2iσkαβχk + εαβη) , (6)
into the action (5) we get the same action (4).
Dropping fermions and topologically trivial bosons in equation (5) we obtain
S =
∫
R3
d3xTr
(
1
4
FmnFmn
)
.
It is a part of the bosonic action, with the absolute minima equation,
F amn = 0,
corresponding to the Casson invariant of 3d manifolds [7].
B Seiberg-Witten theory
We start again from the N = 2 SUSY SU(2) Yang-Mills theory. We recall that
the moduli space of the N = 2 SUSY SU(2) Yang-Mills theory [2] contains two
singular points. At these points the low energy effective theory is N = 2 SUSY
U(1) theory coupled to an additional massless matter (monopoles or dyons) in the
form of the N = 2 hypermultiplet (sometimes called the scalar multiplet):3
ψA
A A˜†.
ψ
†
A˜
The action of an N = 2 supersymmetric abelian gauge theory coupled to a massless
hypermultiplet is given by
S =
∫
R4
d4x
{
1
4
FµνFµν + ∂µB¯∂µB − λ¯α˙iσ¯α˙αµ ∂µλαi +DµA¯iDµAi +
+
1
2
(A¯iAi)
2 + iψ¯γµDµψ + i
√
2A¯iλ¯iψ − i
√
2ψ¯λiAi − ψ¯(B − γ5B¯)ψ + (7)
− A¯i(B2 + B¯2)Ai
}
.
We know that the twist consists of considering as the rotation group the group,
K ′ = SU(2)L × SU(2)R′ and this implies that the hypermultiplet field content is
modified as follows:
Ai :
(
0, 0,
1
2
)
−→ M α˙ :
(
1
2
, 0
)
,
ψAα :
(
1
2
, 0, 0
)
−→ uα :
(
1
2
, 0
)
,
ψ¯A˜α˙ :
(
0,
1
2
, 0
)
−→ v¯α˙ :
(
0,
1
2
)
,
A
†
i :
(
0, 0,
1
2
)
−→ M¯α˙ :
(
1
2
, 0
)
,
ψ¯Aα˙ :
(
0,
1
2
, 0
)
−→ u¯α˙ :
(
0,
1
2
)
,
ψA˜α :
(
1
2
, 0, 0
)
−→ vα :
(
1
2
, 0
)
.
Substituting equation (2) into the action (7) and taking into account that field
content we get the following twisted euclidean action (compare to [11])
S =
∫
R4
d4x
{
1
4
FµνFµν + ∂µB¯∂µB − 2χµν∂µψν − η∂µψµ +DµM¯ α˙DµMα˙ +
+
1
2
(M¯ α˙Mα˙)
2 − i
(
M¯ β˙ψαβ˙u
α − vαψαβ˙M β˙
)
+ iη
(
u¯α˙Mα˙ − M¯ β˙ v¯β˙
)
+ (8)
+ iχα˙β˙(M¯
α˙v¯β˙ − u¯α˙M β˙)− B2M¯ α˙Mα˙ − B¯2M¯ α˙Mα˙ + vαB¯uα +
− Bvαuα − Bu¯α˙v¯α˙ − B¯u¯α˙v¯α˙ + ivαDαα˙v¯α˙ + iu¯α˙Dαα˙uα
}
.
3) Here the low energy fields are: the vector multiplet (gauge field Aµ, SU(2)I doublet of fermions
λα and ψα, a complex scalar B) and the hypermultiplet (consisting of two Weyl fermions ψA and
ψ
†
A˜
and complex bosons A and A˜†).
The dimensionally reduced version of (8) is
S =
∫
R3
d3x
{
1
4
FmnFmn +
1
2
∂mϕ∂mϕ+ ∂mB¯∂mB − 2εmnkχk∂mψn +
− 2ω∂mχm − η∂mψm +DmM¯αDmMα + [ϕ, M¯α][ϕ,Mα] +
+
1
2
(M¯αMα)
2 + iω
(
M¯βuβ − vαMα
)
+ vαψαβM
β − M¯βψαβuα + (9)
+ iη
(
u¯αMα − M¯β v¯β
)
+ 2χαβ
(
u¯αMβ − M¯αv¯β
)
−B2M¯αMα +
− B¯2M¯αMα + B¯vαuα −Bvαuα −Bu¯αv¯α − B¯u¯αv¯α + vαDαβ v¯β +
+ u¯βDαβu
α + ivα[ϕ, v¯α] + iu¯
α[ϕ, uα]
}
.
As a result of the dimensional reduction of (7) we get
S =
∫
R3
d3x
{
1
4
FmnFmn +
1
2
∂mϕ∂mϕ+ ∂mB¯∂mB − iλ¯αiσαβm ∂mλβi +
+DmA¯
iDmAi + [ϕ, A¯
i][ϕ,Ai] +
1
2
(A¯iAi)
2 − A¯i(B2 + B¯2)Ai +
+ i
√
2A¯iλ¯αiψ¯
α
A˜
− i
√
2ψ¯Aαλ¯
αiAi − i
√
2A¯iλαiψ
α
A + i
√
2ψα
A˜
λαiA
i + (10)
+ B¯ψα
A˜
ψAα − BψαA˜ψAα − Bψ¯Aαψ¯αA˜ − B¯ψ¯Aαψ¯αa˜ + ψαA˜Dαβψ¯βA˜ +
+ ψ¯βADαβψ
α
A + iψ
α
A˜
[ϕ, ψ¯A˜α] + iψ¯
α
A[ϕ, ψAα]
}
.
Using the twist
λαβ =
1√
2
(σ4αβω − iσmαβψm) ,
λ¯αβ =
1√
2
(2iσkαβχk + εαβη) ,
Ai →Mα,
ψAα → uα,
ψ¯A˜α → v¯α,
A¯i → M¯α,
ψ¯Aα → u¯α,
ψA˜α → vα,
we get the action (9).
Dropping fermions and topologically trivial bosons we obtain
S =
∫
R3
d3x
(
1
4
FmnFmn +
1
2
(A¯iAi)
2 +DmA¯
iDmAi
)
. (11)
It is a part of the bosonic matter action.
III LOW-ENERGY CONSEQUENCES
Interestingly, it follows from [6] that low-energy effective theory for both 3d
N = 4 SUSY SU(2) case as well as for the 3d N = 4 SUSY abelian one with
matter hypermultiplet is pure gauge abelian, and the moduli spaces are smooth.
More precisely, we have the so-called Atiyah-Hitchin manifold (interpreted as the
two-monopole moduli space), a complete hyper-Ka¨hler manifold, in the first case,
and the Taub-NUT manifold, in the second one.
3d N = 4 supersymmetric abelian gauge theory is described by the following
action4
S =
∫
R3
d3x
(
1
4
FmnFmn +
1
2
∂mϕ∂mϕ+ ∂mB¯∂mB +
− iλ¯αiσαβm ∂mλβi −
1
2
( ~G)2
)
. (12)
Introducing infinitesimal parameters ξα
i and ξ¯αi, the supersymmetry transforma-
tions are given by
δAm = iλ¯αiσ
αβ
m ξβ
i − iξ¯αiσαβm λβi,
δϕ = ξ¯αi λα
i − λ¯αiξαi,
δB = −
√
2εijξ
αiλα
j ,
δB¯ = −
√
2εij ξ¯αi λ¯αj , (13)
δλα
i = − i
2
εmnkσkα
βξβ
iFmn − i
√
2εijσmαβ ξ¯
β
j ∂mB +
− iσmαβξβi∂mϕ,
δλ¯αi = i
√
2εijσmαβξ
βj∂mB¯ +
i
2
εmnkσkα
β ξ¯βiFmn +
− iσmαβ ξ¯βi∂mϕ+ 2iσmαβ ξ¯βiGm,
δ ~G = iξ¯αi~τ
i
jσ
αβ
m ∂mλβ
j .
Using the equations of motion for all the fields one can easily show that this action
is invariant under the supersymmetric transformations (13). Taking into account
the following substitution
λαβ =
1√
2
(σ4αβω − iσmαβψm) ,
λ¯αβ =
1√
2
(2iσkαβχk + εαβη) ,
and knowing the auxiliary field ~G transforms in the (1, 0) representation (and hence
becomes a vector Hk), we get the following 3d twisted version of the action (12)
4) ~G is an auxiliary field.
S =
∫
R3
d3x
(
1
4
FmnFmn +
1
2
∂mϕ∂mϕ+ ∂mB¯∂mB + 2εmnkψn∂mχk +
− 2ω∂mχm − η∂mψm − 2HkHk) . (14)
The topological BRST transformation δB induced by the N = 4 supertransforma-
tions is found by putting ξ = 0, ξ¯ =
εαβ ·ρ√
2
, which reads δ = −ρ · δB.5 The BRST
transformations are
δBAm = ψm,
δBϕ = −ω,
δBB = δBω = δBη = 0,
δBB¯ = −
√
2η, (15)
δBψm = −
√
2∂mB,
δBχk = −1
2
∂kϕ− 1
2
εkmn∂mAn −Hk,
δBHk =
1
2
∂kω − 1
2
εkmn∂mψn.
These BRST transformations are off-shell nilpotent up to a gauge transformation
δ2B = −
√
2δgauge; e.g., δ
2
BAm = −
√
2∂mB. The action (14) is also nilpotent but on-
shell.
Confining ourselves to the contribution of the Coulomb branch coming from
abelian flat connections on the 3d manifoldM3 we should consider a mathematical
object akin to the Casson invariant. We have argued in [4] that such an object
should count (algebraically) the number of abelian flat connection on a cover of
M3. If M3 arises from S3 via 0-framed surgery on a knot [12] the 3d invariant is
directly related to the Alexander invariant of M3 [13].
IV CONCLUSIONS
In this paper, we have indicated that both 3d TQFT of SU(2) flat connection as
well as 3d version of topological SW theory can be described in low-energy regime
by the Alexander invariant. In a future work, it will be necessary to improve the
analysis to include all contribution coming from the Coulomb branch.
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